This paper shows the development of an approximate analytical solution of radial consolidation by prefabricated vertical drains with a threshold gradient. To understand the effect of the threshold gradient on consolidation, a parametric analysis was performed using the present solution. The applicability of the present solution was demonstrated in two cases, wherein the comparisons with Hansbo's results and observed data were conducted. It was found that (1) the flow with the threshold gradient would not occur instantaneously throughout the whole unit cell. Rather, it gradually occurs from the vertical drain to the outside; (2) the moving boundary would never reach the outer radius of influence if + 1 < , whereas it will reach the outer radius of influence at some time; (3) the excess pore pressure will not be dissipated completely, but it will maintain a long-term stable value at the end of consolidation; (4) the larger the threshold gradient is, the greater the long-term excess pore pressure will be; and (5) the present solution could predict the consolidation behavior in soft clay better than previous methods.
Introduction
Preloading with sand or prefabricated vertical drains has been successfully applied to accelerate the consolidation of compressible fine-grained soil deposits for decades. Many authors have developed the consolidation theory for the design of a vertical drain [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Among these theories, the analytic solutions developed by Barron [1] and Hansbo [3] remain popular and widely used because of their simplicity and ease of use.
All of the above-mentioned solutions assume that Darcy's law is valid. However, several researchers have provided laboratory evidence that Darcy's law should be corrected for the effect of the threshold gradient in some fine-grained soil. Miller and Low [11] found that the threshold gradient is the hydraulic gradient where no flow occurs. This seems to be supported by experimental observations reported by Byerlee [12] . Hansbo [13, 14] proposed a non-Darcian flow law, which implied that the presence of a threshold gradient value, when the gradient is less than this value, may not cease but may dramatically decrease the flow rate. On the other hand, there are several studies that refute this conclusion [15] [16] [17] [18] .
For example, having conducted permeability tests on four natural clays, Tavenas et al. [18] concluded that Darcy's law was valid in soft clays for hydraulic gradients ranging from 0.1 to 50. However, it is nearly impossible to verify the validity of Darcy's law with very small gradients.
Although there are some inconsistencies among these studies, it is helpful to examine and assess the impact on the consolidation process due to the existence of the threshold gradient, which was demonstrated by previous experiments. In this study, the flow law of the threshold gradient is assumed to be
in which is the coefficient of permeability, is the hydraulic gradient, and 0 is the threshold gradient. When 0 = 0, (1) degenerates to Darcy's law. Following equation (1), Pascal et al. [19] obtained a numerical solution using the finite difference method to arrive at approximate analytical solutions for one-dimensional consolidation. Xie et al. [20] presented a general approximate analytical solution for one-dimensional consolidation under a time-dependent loading condition and further explored the movement of the seepage boundary in a similar way to (1). Thus, (1) provides an excellent approximation of the effective flow rate. Importantly, it may be simpler to depict the characteristics of the consolidation problem with a nonDarcy flow by using (1) .
Various attempts have characterized the influence of the threshold gradient for one-dimension consolidation in clay. However, limited research has focused on the simulation of consolidation behavior using vertical drains that consider the threshold gradient. Hansbo [3] made some approximations and deduced a simple closed-form solution for radial consolidation using vertical drains assuming that Darcy's law is valid. Following the approach of Hansbo [3] , a general analytical solution with a threshold gradient for radial consolidation by vertical drain is developed in this paper. Afterwards, the influence of the threshold gradient on the consolidation process is investigated. Figure 1 presents the schematic representation of an axisymmetric unit cell with the presence of a vertical drain in the center. The vertical drain completely penetrates the soft soil layer, and the top of the layer is freely draining but the bottom is completely impermeable. Thus, the length of the drain well is equal to the thickness of the soft layer .
Mathematical Model

Basic Assumptions.
is the equivalent radius of the drainage well;
is the radius of the influence zone, which is the radius of the soil cylinder that is dewatered by a drain.
is the outer radius of the seepage zone. A widespread surcharge loading of 0 is simulated by the instantaneous application to the upper boundary and this was kept constant during the consolidation process. Additionally, and in Figure 1 indicate the radial coordinates and the depth, respectively.
The assumptions of this paper, some similar to those previously presented by Barron [1] and Hansbo [3] , are listed as follows.
(1) Radial and vertical flow can be considered separately.
(2) The quantity of water flowing through the disturbed soil zone into the drain well is equal to the quantity of water flowing out of the drain.
(3) The radial flow in the well can be ignored.
(4) Uniform loading is instantaneously imposed and it is kept constant during the entire consolidation process.
(5) All vertical loads are initially carried by the excess pore water pressure.
(6) The flow in clay obeys (1) , while the flow in the vertical drains obeys Darcy's law.
(7) All compressive strains within the soil mass occur in a vertical direction and the equal strain condition is valid.
(8) The smear effect is ignored. 
Basic Equation.
According to assumption (1), the radial and vertical flow can be considered separately. Thus, as shown in Figure 2 , to satisfy the continuity condition for incompressible flow in the radial direction ( -direction in Figure 2 ), the rate of the soil element's volume change, considering that the radial flow must exclusively be equal to the net flow rate in the radial direction, yields
where is the net rates of flow at the radial direction. can be expressed as
in which V is the flow velocity at the radial direction. The rate of volume change of the soil element, considering the radial flow exclusively, can be expressed as
in which V is the volumetric strain of the soil element if only the radial flow is considered.
Substituting (3) and (4) into (2), the separate, general continuity equation for the radial flow under the cylindrical coordinates system can be presented as
In this paper, the flow of pore water in the soil described by (1) will be incorporated in this study. By expressing the hydraulic gradient, , in terms of the radial excess pore pressure, , and the unit weight of water, , V can be written as Substituting (6) into (5), the inquiry consequently becomes a moving boundary problem as illustrated in Figure 1 and it is governed by the equations that follow:
in which 0 is the initial excess pore pressure and is often assumed to be 0 = 0 ; is the outer radius of the seepage zone and the radius of the moving boundary out of which the excess pore pressure is equal to the value of 0 . The rate of volumetric strain change of the soil element in the sweep zone depends on the outer radius of the seepage zone, , and eventually relays the threshold gradient, 0 . It can be written as follows:
where V is the coefficient of the volume compressibility and is the average pore pressure of the seepage zone at any depth. The average pore pressure of the seepage zone can be obtained by
in which is the excess pore water pressure in the radial direction.
The consolidation equation for the continuity condition of the drain well can be derived using assumptions (3) and (4) . Imagining an elementary column of vertical drain with a height of as illustrated in Figure 3 , the vertical flow through the elementary column can be written as
(10) The radial inflow entering into the elementary column through its outside face in a unit time is
According to assumption (3), the continuity equation in the elementary column of the vertical drain yields
Substituting (10) and (11) into (12), the following expression is obtained:
Equations (7), (8), (9), and (13) constitute the governing equations of consolidation by vertical drains incorporating the threshold gradient under the equal strain condition. The boundary conditions and initial conditions are as follows:
Obviously, the governing equation describes a moving boundary problem which is addressed by a time-dependent parameter .
Mathematical Problems in Engineering
Solution of System.
Taking the integral of (7) with respect to for both sides and introducing boundary condition A yields
From (14), the following relationship can be obtained:
Substituting (15) into (13) yields
Following Hansbo's derivation procedure [3] , in which the variation of V / with depth is ignored, (16) transforms into a second-order variable coefficient equation. Integrating (16) along the drain length at a given time and combining boundary conditions B and C, the excess pore pressure in the drain can be derived as
By integrating (14) again and combining it with continuity condition E, the excess pore pressure in the seepage zone can be derived as
Substituting the expression of into (4), the average excess pore pressure of the seepage zone can be expressed as
where
Setting = / , the coefficients and can also be expressed as
Substituting the expression of into (19) and using the relationship of (8), the following differential equation can be obtained:
in which
in which denotes well resistance.
A fully analytical solution for (22) is difficult since there is a time-dependent parameter in the expression. Xie et al. [20] demonstrated an approximate approach for onedimensional consolidation in consideration of the threshold gradient, certifying the reasonability of the solution through a comparative analysis with a numerical solution. Therefore, in this study, the approximate approach is applied similarly to Xie et al. 's study [20] by assuming that is a constant for solving (22).
With the above assumption and according to the initial condition E, the average excess pore pressure of the seepage zone can be obtained from (27) as
The time factor ℎ is a dimensionless parameter for . Furthermore, if 0 approaches 0, (24) will degenerate to Hansbo's solution [3] .
Combining (8), (22), and (24), there is
Substituting (24) and (26) into (18), then
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It can be rewritten as
is a dimensionless parameter for 0 . Consider
When approaches ∞, it can be deduced from (30) that
Parameters and can be determined from (30) if the time factor, ℎ , is specified and vice versa. Furthermore, the average excess pore pressure, , and the excess pore pressure, , in seepage zone at any depth can be obtained from (24) and (29), respectively. If = +1 ≥ , the moving boundary will reach the outer radius of the influence zone. Then, the correspondent time can be obtained from (30) by replacing with . The average excess pore pressure, , and the excess pore pressure, , can be calculated by substituting = into (24) and (27). On the other hand, if + 1 < , the moving boundary will never reach the outer radius of the influence zone during the whole consolidation process.
The average pore pressure of the whole zone includes the sweep zone and the nonsweep zone at a given depth and it can be defined as follows:
Generally, the average degree of consolidation in terms of stress is defined as the ratio of the average effective stress to the average total stress. Thus, the degree of consolidation at a given depth, , can be calculated by integrating the average excess pore pressure over the radius (from to ):
The average degree of consolidation for the whole soil stratum based on the dissipation of excess pore pressure, , is then computed by integrating over the soil layer thickness:
Note here that (35) can be computed through numerical integration. Therefore, an analytical solution system for the radial consolidation with the threshold gradient is obtained.
Parametric Analysis
This section conducts a parametric analysis of the consolidation results, that is, , , and , for the present solution. Figure 4 . In Figure 4(a) , the restriction of the outer boundary of influence is disregarded (i.e., → ∞), while in Figure 4 (b) is set as 25. It can be drawn that (1) the flow gradually occurs from the vertical drain to the outside influence zone; (2) when → ∞, the value of approaches + 1, which confirms to a certain extent the validity of (32); (3) if + 1 < , the moving boundary will never reach the outer radius of the influence zone during the whole consolidation process; on the contrary, it will only reach the influence zone if +1 ⩾ ; (4) regardless of the restriction of the outer boundary of the influence zone, the value of at = ∞ would increase along with ; (5) as the value of increases, the time for the moving boundary to reach the outer boundary of the influence zone decreases under the condition that + 1 ⩾ .
The motions of the moving boundary predicted at different depths for value of = 10 are presented in Figure 5 . It can be observed that (1) when → ∞, the value of at different depths approaches the same value = + 1; (2) the deeper the depth of , the smaller the radius of the moving boundary at time ; and (3) with the increased value of , the motion of the moving boundary decelerates.
When considering the threshold gradient, the average excess pore pressure is related to the motion of the moving boundary. Figure 6(a) shows the average excess pore pressure variations with varying depths; and Figure 6(b) shows the corresponding moving boundary. In the two figures, the dotted lines represent the results of = 10, while the solid lines represent the results of = 20. The comparison shows that (1) at the end of consolidation the average pore pressure will not completely dissipate, but it will maintain a long-term stable value; (2) the larger the value of , the smaller the longterm average pore pressure; and (3) if +1 < , the radial flow within the range from + 1 to does not occur during the consolidation process, which results in a slow dissipation rate in the pore pressure.
A further comparison of the average degree of consolidation ( ) for various values of is presented in Figure 7 . It can be seen from the figure that (1) in the early stage of consolidation the difference in the average degree of consolidation with a different is minuscule. With a consolidation time that has elapsed, the effect of on the degree of consolidation becomes obvious and (2) as increases, the development of consolidation accelerates and the average degree of consolidation, , increases.
Application of Theory
The field tests at SkaÊ-Edeby, located about 25 km west of Stockholm, are among the oldest and best-documented tests on the behavior of vertical drains throughout the world [14] . The details of this work and the results of the analysis were reported in Hansbo's papers [14] . The study included three test areas with sand drains, 0.18 m in diameter (test areas I∼III). The excess pore pressure between depths of 2.5 and 7.5 m in test areas II and III was selected for this study. The parameters used in the comparison are listed in Table 1 . Except for the value of the consolidation coefficient, ℎ , the other values are sampled from Hansbo's study [14] . Test area II and test area III were surcharged with an equivalent loading of 32 kPa and 46 kPa. The radial average degree of consolidation, ℎ , at a depth of 5 m, as computed by the solutions of Hansbo [3] and the present paper, is plotted in Figure 8 , respectively. The measured data are also plotted in this figure to aid comparative analysis. The consolidation degree calculated by the present solution with a consideration of the threshold gradient becomes related to the magnitude of the initial stress, which is not the case in Hansbo's solution [3] with a Darcian flow. It can be seen from the figure that the solutions both by Hansbo [3] ( ℎ = 0.40 m 2 /y) and in the present paper ( ℎ = 0.45 m 2 /y and 0 = 0.365) confer with the measured data. Relatively, the newly present solution considering a threshold gradient for the flow gives a better agreement with the field measured value.
Another case involves a radial consolidation test that was conducted by Kim et al. [21] , which was performed on a large block sample using a large consolidometer (diameter = 1.2 m, height = 2.0 m). The boundary for the consolidation test was particularly processed to ensure a solely radial consolidation condition. Finally, the block sample was consolidated under a vertical pressure of 300 kPa for 3 weeks. The input parameters applied in the analysis are presented in Table 2 . The parameters are summarized from Kim et al. [21] except the consolidation coefficient, ℎ , which is determined using a back-calculation method. The predictions from Hansbo's solution [3] under different values of ℎ and through the present solution are plotted in Figure 9 , together with Kim et al. 's [21] experimental data. It can be seen from the figure that all three predictions using Hansbo's solution (1981) deviate from the measured data with elapsed time. A better prediction of the consolidation process is obtained using the present solution with ℎ = 1.39 × 10 −10 m 2 /s and 0 = 26.67. Figure 9 indicates that the present solution, considering the threshold gradient, could be a better fit with the experimental results. 
Conclusions
Following Hansbo's approximate approach [3] , the solution was developed for an equal strain consolidation theory of the vertical drain in consideration of the threshold gradient. Parametric analysis for the present solution was carried out in order to understand the effect of the threshold gradient on consolidation. The applicability of the present solution was demonstrated in two cases, wherein the comparisons with Hansbo's results and observed data were conducted. The following conclusions were obtained. (1) The flow with the threshold gradient does not occur throughout the whole unit cell instantaneously. It gradually occurs from the vertical drain to the outside. (2) The moving boundary would never reach the outer radius of influence if + 1 < ; otherwise it will reach the outer radius of influence at some time. (3) The excess pore pressure will not completely dissipate, but it will maintain a long-term stable value at the end of consolidation. (4) The larger the threshold gradient, the larger the long-term excess pore pressure. (5) The present solution can predict the consolidation behavior in soft clay better than previous methods.
